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necessary for your intended use. For example, other rights such as publicity, privacy, or moral rights may limit how you use the material. Search Continuum Mechanics Website ref: Yield surfaces.svg The von Mises stress is often used in determining whether an isotropic and ductile metal will yield when subjected to a complex loading condition. This
is accomplished by calculating the von Mises stress and comparing it to the material's yield stress, which constitutes the von Mises Yield Criterion. The objective is to develop a yield criterion for ductile metals that works for any complex 3-D loading condition, regardless of the mix of normal and shear stresses. The von Mises stress does this by
boiling the complex stress state down into a single scalar number that is compared to a metal's yield strength, also a single scalar numerical value determined from a uniaxial tension test (because that's the easiest) on the material in a lab. It should be noted that this is not an exact science like, say \(F = m\,a\). It is an empirical process, with inherent
error and deviations. In fact, there is no hard & fast rule saying that metals must yield according to von Mises yield criteria. It is as much a coincidence as anything. Nevertheless, it does work very well and remains the method of choice a full century after it was first proposed. The defining equation for the von Mises stress was first proposed by
Huber [1]in 1904, but apparently received little attention until von Mises [2] proposed it again in 1913. However, Huber and von Mises' definition was little more than a math equation without physical interpretation until 1924 when Hencky [3] recognized that it is actually related to deviatoric strain energy. In 1931, Taylor and Quinney [4] published
results of tests on copper, aluminum, and mild steel demonstrating that the von Mises stress is a more accurate predictor of the onset of metal yielding than the maximum shear stress criterion, which had been proposed by Tresca [5] in 1864 and was the best predictor of metal yielding to date. Today, the von Mises stress is sometimes referred to as
the Huber-Mises stress in recognition of Huber's contribution to its development. It is also called Mises effective stress and simply effective stress. A complete understanding of the von Mises stress requires an understanding of hydrostatic and deviatoric components of stress and strain tensors, Hooke's Law, and strain energy density. The hydrostatic
and deviatoric stresses and strains have already been reviewed. And Hooke's Law has already been touched on here and here, but will need to be discussed in additional detail on this page as well. Strain energy density will also be introduced here. Recall that any stress tensor can be decomposed into the sum of hydrostatic and deviatoric stresses as
follows \[ \sigma_{ij} = {1 \over 3} \delta_{ij} \sigma {kk} + \sigma'\! {ij} \] where \( {1 \over 3} \delta {ij} \sigma {kk} \) is the hydrostatic term and \( \sigma'\) is the deviatoric stress. The same is true for strain. \[ \epsilon_{ij} = {1 \over 3} \delta {ij} \epsilon {kk} + \epsilon'\! {ij} \] where \( {1 \over 3} \delta {ij} \epsilon {kk}\) is the
hydrostatic term and \( \epsilon'\) is the deviatoric strain. These two will be multiplied together farther down the page. We've seen that Hooke's Law can be written as \[ \epsilon_{ij} = {1 \over E} \left[ (1 + u) \sigma {ij} - u\, \delta {ij} \sigma {kk} \right] \] which is shorthand for \[ \left [ \matrix { \epsilon {xx} & \epsilon {xy} & \epsilon {xz} \\
\epsilon_{xy} & \epsilon {yy} & \epsilon {yz} \\ \epsilon {xz} & \epsilon {yz} & \epsilon {zz} } \right ] = {1 \over E} \left \{ (1 + u) \left [ \matrix { \sigma_ {xx} & \sigma_{xy} & \sigma {xz} \\ \sigma_ {xy} & \sigma {yy} & \sigma {yz} \\\sigma {xz} & \sigma {yz} & \sigma {zz} } \right ] - 3 \; u \left [ \matrix { \sigma {hyd} & 0 & 0\ 0 &
\sigma {hyd} & 0\\ 0 & O & \sigma {hyd} } \right ] \right \} \] which is in turn matrix notation for the following set of equations \[ \epsilon {xx} = {1 \over E} \big[ \sigma {xx} - u\, (\sigma_ {yy} + \sigma {zz} ) \big] \] \[ \epsilon_{yy} = {1 \over E} \big[ \sigma {yy} - u\, (\sigma {xx} + \sigma {zz} ) \big] \] \[ \epsilon {zz} = {1 \over E} \big[
\sigma {zz} - u\, (\sigma {xx} + \sigma {yy} ) \big] \] for the normal terms, and \[ \epsilon {xy} = { 1 + u\over E } \sigma {xy} \qquad \epsilon {yz} = { 1 + u\over E } \sigma {yz} \qgquad \epsilon {xz} = { 1 + u\over E } \sigma_{xz} \] for the shear terms. The shear terms are more commonly written as \[ \gamma_ {xy} = { \tau_{xy} \over G}
\gquad \quad \gamma {yz} = { \tau_{yz} \over G} \gquad \quad \gamma {xz} = { \tau_{xz} \over G} \] where \[ \gamma {xy} = 2 \epsilon {xy} \qquad \gamma {yz} = 2 \epsilon {yz} \qquad \gamma {xz} = 2 \epsilon {xz} \qquad {\rm and} \qquad G = {E \over 2 (1 + u) } \] Return now to Hooke's Law in tensor form \[ \epsilon {ij} = {1 \over E}
\left[ (1 + u) \sigma_{ij} - u\, \delta {ij} \sigma {kk} \right] \] and multiply both sides by \(\delta_{ij}\). \[ \delta {ij} \epsilon_ {ij} = {1 \over E} \left[ (1 + u) \sigma_{ij} - u\, \delta_ {ij} \sigma_ {kk} \right] \delta {ij} \] This simplifies to \[ \epsilon_{kk} = { (1 - 2 u) \over E} \sigma {kk} \] And then multiply both sides by \({ 1 \over 3} \delta_{ij}\)
again to get \[ { 1 \over 3} \delta {ij} \epsilon {kk} = {(1 -2 u) \over 3 E} \delta {ij} \sigma_ {kk} \] This results in an equation relating the hydrostatic stress and strain values. Now subtract the above equation from the original Hooke's Law equation to get \[ \begin{eqnarray} \epsilon {ij} - { 1 \over 3} \delta {ij} \epsilon {kk} &\, =\, & { (1 + uv)
\over E} \sigma _{ij} - { u\over E} \, \delta {ij} \sigma {kk} - {(1 - 2 u) \over 3 E} \delta_ {ij} \sigma {kk} WWWW\W\ &\, =\, & { (1 + u) \over E} \sigma _{ij} - { 1 \over E} \left(u + {1 - 2 u\over 3} \right) \delta {ij} \sigma {kk} WW\WWW\ &\, =\, & { (1 + u) \over E} \sigma {ij} - { 1 \over 3} {(1 + u) \over E} \delta {ij} \sigma {kk} W\WW\\W\\W\ &\, =
\, & { (1 + u) \over E} \big(\sigma {ij} - { 1 \over 3} \delta {ij} \sigma {kk} \big) \\ \end{eqnarray} \] The remarkable result is that both sides of the equation contain a deviatoric tensor result. The equation can be summarized as \[ \epsilon'\! {ij} = { (1 + u ) \over E} \sigma'\! {ij} \l But\({ (1 + u) \over E }\) is \({1 \over 2G}\), so the equation can
be further simplified to \[ \epsilon\! {ij} = { 1 \over 2 G} \sigma'\! {ij} \] So the deviatoric stress and strain are directly proportional to each other. The amazing thing here is that this is always true for Hooke's Law, always, even for the normal strain components. For what it's worth, the equation can also be written as \[ \sigma'\! {ij} =2\, G\,
\epsilon\! {ij} \] Suppose you have a material with Poisson's ratio, \(u = 0.5\), and elastic modulus, \(E = 15\;MPa\). For the stress tensor below, use Hooke's Law to calculate the strain state. Then get the deviatoric stress and strain tensors and show that they are proportional to each other by the factor \(2G\). \[ \boldsymbol{\sigma} \; = \; \left[
\matrix{ 8 &2 &4\ 2 & 6 & 6\\4 & 6 & 4 } \right] \] Note that this stress tensor clearly has a significant amount of hydrostatic stress. It is \[ \boldsymbol{\sigma} \text{Hyd} \; = \; \left[ \matrix{ 6 & 0 & 0\ 0 & 6 & 0\\ 0 & 0 & 6 } \right] \] Hooke's Law is \[ \begin{eqnarray} \left[ \matrix{ \epsilon {xx} & \epsilon {xy} & \epsilon {xz} \\
\epsilon_{xy} & \epsilon {yy} & \epsilon {yz} \\ \epsilon {xz} & \epsilon {yz} & \epsilon {zz} } \right] & = & {1 \over 15} \left\{ (1 + 0.5) \left[ \matrix{ 8 & 2 & 4\ 2 & 6 & 6 \\4 & 6 & 4 } \right] - 3\; (0.5) \left[ \matrix { 6 & 0 & O\ 0 & 6 & 0\\ 0 & 0 & 6 } \right] \right\} W\ W\ \\ & = & {1 \over 15} \left\{ \left[ \matrix{ 12 & 3 & 6 \\ 3 & 9 & 9 \\
6 & 9 & 6 } \right] - \left[ \matrix{ 9 & 0 & 0\ 0 & 9 & 0\ 0 & 0 & 9 } \right] \right\} W\ \ \ \\ & = & \left[ \matrix{ 0.2 & \;0.2 & \;0.4 \\ 0.2 & \;0.0 & \;0.6 \\ 0.4 & \;0.6 & \text{-}0.2 } \right] \end{eqnarray} \] Note that this strain tensor is already deviatoric. This is because we used \(u = 0.5\) for the Poisson's Ratio, which is the value used for
incompressible materials. So we obtained an incompressible, non-hydrostatic strain tensor as a result. So the question becomes, "Will (\(2 \, G\, \boldsymbol{\epsilon}'\)) give \(\boldsymbol{\sigma}'\)?" To answer this, first compute \(G\). \[ \begin{eqgnarray} G & = & {E\over 2 (1 + u) } & = & {15 \text{ MPa} \over 2 (1 + 0.5) } WWW\ W\ & =& 5
\text{ MPa} \end{eqgnarray} \] So\(2\, G\, \boldsymbol{\epsilon}"\) equals \[ 2\, G\, \boldsymbol{\epsilon}' = \left[ \matrix{ 2 & \;2 & ;4\ 2 & \;0 & \;6 \\ 4 & \;6 & \text{-}2 } \right] \] And compare this to \(\boldsymbol{\sigma} - \boldsymbol{\sigma} \text{Hyd}\) \[ \boldsymbol{\sigma} - \boldsymbol{\sigma} \text{Hyd} \; = \; \left[ \matrix{ 8 & 2
&A4\W\2&6&6\4 &6 &4 } \right] - \left[ \matrix { 6 &0 & 0\W\N0 & 6 & 0\WO0 & 0 & 6 } \right] = \left[ \matrix { 2 & \;2 & ;4\ 2 & \;0 & \;6 \\ 4 & \;6 & \text{-}2 } \right] \] So it does indeed satisfy \(\boldsymbol{\sigma}' = 2\, G\, \boldsymbol{\epsilon}"\). Although this was an example with an incompressible material, \(u = 0.5\), it also works for
compressible materials as well, always. Strain energy density, W, has units of Energy / Volume and is \[ W = \int \boldsymbol{\sigma} : d \boldsymbol{\epsilon} \] For linear elastic materials, this equals \[ W = {1 \over 2} \boldsymbol{\sigma} : \boldsymbol{\epsilon} \] which expands out to give \[ {1 \over 2} \boldsymbol{\sigma} :
\boldsymbol{\epsilon} = {1 \over 2} [ \sigma_ {xx} \epsilon {xx} + \sigma {yy} \epsilon {yy} + \sigma {zz} \epsilon {zz} + 2 (\sigma {xy} \epsilon {xy} + \sigma {yz} \epsilon {yz} + \sigma {xz} \epsilon {xz} ) ]1\] But since \( \boldsymbol{\sigma} = \boldsymbol{\sigma} \text{Hyd} + \boldsymbol{\sigma}'\) and \( \boldsymbol{\epsilon} =
\boldsymbol{\epsilon} \text{Hyd} + \boldsymbol{\epsilon}'\), these identities can be substituted into the equation to obtain \[ W = {1 \over 2} \boldsymbol{\sigma} : \boldsymbol{\epsilon} = {1 \over 2} (\boldsymbol{\sigma} \text{Hyd} + \boldsymbol{\sigma}') : (\boldsymbol{\epsilon} \text{Hyd} + \boldsymbol{\epsilon}') \] and expanding the
multiplication out gives \[ W = {1 \over 2} \boldsymbol{\sigma} : \boldsymbol{\epsilon} = {1 \over 2} \boldsymbol{\sigma} \text{Hyd} : \boldsymbol{\epsilon} \text{Hyd} + {1 \over 2} \boldsymbol{\sigma} \text{Hyd} : \boldsymbol{\epsilon}' + {1 \over 2} \boldsymbol{\sigma}' : \boldsymbol{\epsilon} \text{Hyd} + {1 \over 2}
\boldsymbol{\sigma}' : \boldsymbol{\epsilon}'\] But (\(\boldsymbol{\sigma} \text{Hyd} : \boldsymbol{\epsilon}'\)) and (\(\boldsymbol{\sigma}' : \boldsymbol{\epsilon} \text{Hyd}\)) are zero! This is because the double-dot product of any hydrostatic tensor with a deviatoric tensor is always zero. So the equation reduces to \[ W = {1 \over 2}
\boldsymbol{\sigma} : \boldsymbol{\epsilon} = \underbrace { {1 \over 2} \boldsymbol{\sigma} \text{Hyd} : \boldsymbol{\epsilon} \text{Hyd} } {hydrostatic} + \underbrace { {1 \over 2} \boldsymbol{\sigma}' : \boldsymbol{\epsilon}' } {deviatoric} \] This shows that strain energy can be partitioned into hydrostatic and deviatoric components. The
von Mises stress is directly related to the deviatoric strain energy term in the above equation. \[ W' = {1 \over 2} \boldsymbol{\sigma}' : \boldsymbol{\epsilon}' \] Recall from the section on Hooke's Law that \[ \boldsymbol{\epsilon}' = {1 \over 2\, G} \boldsymbol{\sigma}'\] Combining the two gives \[ W' = {1 \over 4 \, G} \boldsymbol{\sigma}':
\boldsymbol{\sigma}'\] So the deviatoric part of the strain energy density is directly related to the double dot product of the deviatoric stress with itself. Note the similarity to Kinetic Energy, \(KE = {1 \over 2} M v~ 2)), a spring's internal energy, \(E = {1 \over 2} K x"2\), electrical power, \(P = R ["2\), and any other form one can think of. It is
finally time to introduce an equivalent or effective stress that will turn out to be proportional to the von Mises stress, though about 20% low. Use the symbol \( \sigma {Rep} \) for representative stress to represent this stress value. And it is a scalar stress value, not a tensor! The defining equation for \( \sigma {Rep} \) is \[ W' = {1 \over 4\,G}
(\sigma_ {Rep})~2\] The form of the equation is deliberately chosen to be the scalar equivalent of the one above. Setting them equal to each other (since both are equal to W') gives \[ W' = {1 \over 4\,G} (\sigma {Rep})"~2 = {1 \over 4\,G} \boldsymbol{\sigma}' : \boldsymbol{\sigma}'\] Clearly \( \sigma {Rep} \) is intended to be the scalar stress
value that gives the same deviatoric strain energy as the actual 3-D stress tensor. Cancelling \(4\,G\) from both sides gives \[ \sigma {Rep} = \sqrt { \boldsymbol{\sigma}' : \boldsymbol{\sigma}' } \] The final step is one of simple convenience. It is motivated by the simplest straight-forward case of uniaxial tension. To see it, calculate \

(\sigma \text{Rep}\) for this case. The stress state for uniaxial tension is \[ \boldsymbol{\sigma} = \left[ \matrix{ \sigma & 0 & 0\ 0 & 0 & 0\\ 0 & 0 & O } \right] \] The hydrostatic stress is \({1 \over 3} \sigma\), and the deviatoric stress tensor is \[ \boldsymbol{\sigma}' = \left[ \matrix{ {2 \sigma \over 3} & 0 & 0\\ 0 & {-\sigma \over 3} & 0\ 0 & O
& {-\sigma \over 3} } \right] \] So \(\boldsymbol{\sigma}' : \boldsymbol{\sigma}'\) equals \(2 \sigma~2 / 3\). And therefore \[ \sigma \text{Rep} = \sqrt { \boldsymbol{\sigma}"' : \boldsymbol{\sigma}' } = \sqrt { 2 \over 3} \; \sigma \] And therein lies the frustration. The representative stress for uniaxial tension is not equal to the uniaxial tension stress,
\(\sigma\), but is instead about 82% of it. This is terribly inconvenient, but the fix is simple. Simply scale the representative stress up until it equals the uniaxial tension stress. This is done by simply multiplying \(\sigma_\text{Ref}\) by \(\sqrt{3/2}\). This is acceptable because anything proportional to \( \sqrt { \boldsymbol{\sigma}" :
\boldsymbol{\sigma}' } \) will still reflect the relationship to deviatoric strain energy. It will just be scaled up some. The final result is the von Mises stress. \[ \sigma \text{VM} = \sqrt { {3 \over 2} \boldsymbol{\sigma}' : \boldsymbol{\sigma}' } \] And this is the defining equation for it. Algebraic manipulation of the above equation gives many other
equivalent forms. They are summarized here. \[ \sigma \text{VM} = \sqrt{{1\over 2}\left[\left(\sigma {xx} - \sigma {yy}\right)"~2 + \left(\sigma {yy} - \sigma {zz}\right)"2 + \left(\sigma {zz} - \sigma_ {xx}\right)”2 \right] + 3 \left(\tau™2_ {xy} + \tau™2_{yz} + \tau™2_ {zx}\right) } \] \[ \sigma \text{VM} = \sqrt{\sigma~2 {xx} + \sigma”2 {yy} +
\sigma~2 {zz} - \sigma {xx} \sigma {yy} - \sigma {yy} \sigma {zz} - \sigma {zz} \sigma {xx} + 3 \left(\tau~2 {xy} + \tau”™2 {yz} + \tau™2 {zx}\right) } \] \[ \sigma \text{VM} = \sqrt{{3\over 2}\sigma {ij}\sigma {ij} - {1\over 2} (\sigma {kk} )~2} \quad \quad \quad \sigma \text{VM} = \sqrt{{3\over 2}\sigma'\! {ij}\sigma'\! {ij}} \]1 In 2-D
applications, \( \sigma {zz} = \tau {xz} = \tau {yz} = 0\). This leaves \[ \sigma \text{VM} = \sqrt{\sigma~2 {xx} + \sigma”2 {yy} - \sigma {xx} \sigma {yy} + 3\, \tau”™2 {xy} } \] One can (relatively) easily obtain other equations for von Mises stress thru tensor manipulations of the equation based on deviatoric values. Starting with \[

\sigma \text{VM} = \sqrt{{3\over 2}\sigma'\! {ij}\sigma'\! {ij}} \] and expressing \(\sigma'\! {ij}\) in terms of the full stress tensor as \[ \sigma'\! {ij} = \sigma {ij} - {1 \over 3} \delta {ij} \sigma {kk} \] gives the following form. \[ \sigma \text{VM} = \sqrt{{3\over 2} \left( \sigma_{ij} - {1 \over 3} \delta {ij} \sigma {kk} \right) \left( \sigma_{ij} -
{1 \over 3} \delta {ij} \sigma {kk} \right) } \] Multiplying this out gives \[ \sigma \text{VM} = \sqrt{{3\over 2} \left( \sigma {ij} \sigma {ij} - {2 \over 3} \delta {ij} \sigma {ij} \sigma {kk} + {1 \over 9} \delta {ij} \delta {ij} (\sigma {kk} )~2 \right) } \] which simplifies down to \[ \sigma \text{VM} = \sqrt{{3\over 2}\sigma {ij}\sigma {ij} -
{1\over 2} (\sigma {kk} )~2} \] The other forms listed above can be obtained by expressing this explicitly in terms of \(\sigma_{xx}\), \(\sigma_{xy}\), \(\sigma {xz}\), etc. We've already seen during the derivation above that for uniaxial tension, the von Mises stress equals the uniaxial tension stress. But this is also (almost) true for compression as
well. The only issue is that for compression, the numerical value of the compressive stress will be negative, but the von Mises stress is always positive because it is a square-root of a sum of stress values squared. So when one is reading a von Mises stress of say, 10 MPa, it is impossible to know from this alone if the object is undergoing tension or
compression. One can look at the principal stress values to determine this. Actually, some FEA post-processors will make color stress contours of a quantity call signed von Mises stress. This has the same absolute value as the conventional von Mises stress, but the +/- sign is determined by checking the sign of the hydrostatic stress. If it is negative,
then the signed von Mises stress is also negative. The case of pure shear stress is most interesting. One can see from the equations above that for a pure shear stress, \(\tau_{xy}\), the von Mises stress is \[ \sigma \text{VM} = \sqrt{3} \, \tau \] So if a metal yields in uniaxial tension (or compression) at \(\sigma = \pm 500 \text{ MPa}\), then it will
also yield in shear at a stress that is only 58% of this, or \(\tau = \pm 290 \text{ MPa}\). Here again is the sketch at the top of the page. It shows a bounding surface in a 3-D principal stress coordinate system where the von Mises stress is a constant value. (This is the so called High-Westerguard Space.) It is based on the fact that any stress state can
be converted into its principal values and compared to this sketch. If the resulting principal stress point in the coordinate system is within the cylinder, then the material has not yielded. If it is on the surface, then the material has yielded. And if it is outside the cylinder, it means that you did an elastic analysis of a situation that cannot in fact be
correct because yielding would have long since taken place. ref: Yield surfaces.svg The remarkable result is that if you look down the \(\sigma 1 = \sigma 2 = \sigma_ 3\) axis, the cross-section of the cylinder is a perfect circle. Note that the hydrostatic stress in this situation does not show up at all. The figure here presents experimental data
confirming that ductile metals yield much more consistently at prescribed von Mises stress levels regardless of the the loading state than at any other criteria. The graph represents a slice through the \(\sigma 1 - \sigma 2\) plane with \(\sigma 3 = 0\). Since the cylinder is cut at an angle, it appears to be an ellipse in this situation. It is in fact still a
circle. We are just looking at it at an angle. Recall that the shear stress criterion was first proposed by Tresca in 1864, and this act is considered to represent the birth of the field of metal plasticity research. The one exception here is the cast iron metal. It yields, fractures in fact, at a constant maximum principal stress criterion. This signifies that the
iron is brittle and behaves more like glass than a ductile metal. Reference: Dowling, N.E., Mechanical Behavior of Materials, Prentice Hall, 1993. Note that the correlation here is not perfect. This is a consequence of the fact that the so-called von Mises Yield Criterion is NOT a law of nature. It is more of a convenient coincidence. It is a consequence of
dislocation movement on millions and billions of planes of atoms sliding over each other at the atomic scale. Those planes of atoms are all randomly oriented, and the resulting response at the macroscale is.... the von Mises yield criterion. We've seen how the von Mises stress is "the stress" when worrying about metal yielding and plasticity. Recall that
it is \[ \sigma \text{VM} = \sqrt{ {3 \over 2} \boldsymbol{\sigma}' : \boldsymbol{\sigma}' } \] The next question is, "Is there a strain analog to the von Mises stress?" The answer is yes. It is the effective strain, or sometimes the Mises effective strain. It is \[ \epsilon \text{eff} = \sqrt{ {2 \over 3} \boldsymbol{\epsilon}' : \boldsymbol{\epsilon}' } \]
Note that it is \(2/3\), not \(3/2\). This arises because the strain tensor for uniaxial tension of an incompressible material (which includes the plastic part of the total deformation of a metal) is \[ \boldsymbol{\epsilon} \text{True} = \left][ \matrix{ \epsilon & \;\;0 & \;\;0 \\ 0 & -{\epsilon \over 2} & \;\;0 \\ 0 & \;\;0 & -{\epsilon \over 2} } \right] \] and \(
\boldsymbol{\epsilon} : \boldsymbol{\epsilon} \) in this case gives \(3 \, \epsilon™2 / 2\). So it is necessary to multiply by \(2/3\) in order to make \( \boldsymbol{\epsilon} \text{eff} \) equal to the uniaxial tension strain. This makes it possible to more fairly compare the stress and strain states of two different deformation modes, say tension versus
shear. In fact, in a perfectly isotropic metal, plots of effective stress versus effective strain will be indistinguishable in the plastic region regardless of the deformation mode. Although in reality, metals usually become increasingly anisotropic after yielding. Huber, M.T. (1904) Czasopismo Techniczne, Lemberg, Austria, Vol. 22, pp. 181. Von Mises, R.
(1913) "Mechanik der Festen Korper im Plastisch Deformablen Zustand," Nachr. Ges. Wiss. Gottingen, pp. 582. Hencky, H.Z. (1924) "Zur Theorie Plasticher Deformationen und der Hierdurch im Material Hervorgerufenen Nachspannungen," Z. Angerw. Math. Mech., Vol. 4, pp. 323. Taylor, G.I., Quinney, H. (1931) "The Plastic Distortion of Metals,"
Phil. Trans. R. Soc., London, Vol. A230, pp. 323. Tresca, H. (1864) "Sur I'Ecoulement des Corps Solides Soumis a de Fortes Pressions," C. R. Acad. Sci., Paris, Vol. 59, pp. 754. Dowling, N.E. (1993) Mechanical Behavior of Materials, Prentice Hall. Failure Theory in continuum mechanics Part of a series onContinuum mechanicsJ = —Dd ¢ d x
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law Charles's law Combined gas law Fick's law Gay-Lussac's law Graham's law Plasma Rheology Viscoelasticity Rheometry Rheometer Smart fluids Electrorheological Magnetorheological Ferrofluids Scientists Bernoulli Boyle Cauchy Charles Euler Fick Gay-Lussac Graham Hooke Newton Navier Noll Pascal Stokes Truesdell vte In continuum
mechanics, the maximum distortion energy criterion (also von Mises yield criterion[1]) states that yielding of a ductile material begins when the second invariant of deviatoric stress J 2 {\displaystyle ] {2} } reaches a critical value.[2] It is a part of plasticity theory that mostly applies to ductile materials, such as some metals. Prior to yield, material
response can be assumed to be of a linear elastic, nonlinear elastic, or viscoelastic behavior. In materials science and engineering, the von Mises yield criterion is also formulated in terms of the von Mises stress or equivalent tensile stress, o v {\displaystyle \sigma {\text{v}}} . This is a scalar value of stress that can be computed from the Cauchy
stress tensor. In this case, a material is said to start yielding when the von Mises stress reaches a value known as yield strength, o y {\displaystyle \sigma {\text{y}}} . The von Mises stress is used to predict yielding of materials under complex loading from the results of uniaxial tensile tests. The von Mises stress satisfies the property where two
stress states with equal distortion energy have an equal von Mises stress. Because the von Mises yield criterion is independent of the first stress invariant, I 1 {\displaystyle I {1}} , it is applicable for the analysis of plastic deformation for ductile materials such as metals, as onset of yield for these materials does not depend on the hydrostatic
component of the stress tensor. Although it has been believed it was formulated by James Clerk Maxwell in 1865, Maxwell only described the general conditions in a letter to William Thomson (Lord Kelvin).[3] Richard Edler von Mises rigorously formulated it in 1913.[2][4] Tytus Maksymilian Huber (1904), in a paper written in Polish, anticipated to
some extent this criterion by properly relying on the distortion strain energy, not on the total strain energy as his predecessors.[5][6][7] Heinrich Hencky formulated the same criterion as von Mises independently in 1924.[8] For the above reasons this criterion is also referred to as the "Maxwell-Huber-Hencky-von Mises theory". The von Mises yield
surfaces in principal stress coordinates circumscribes a cylinder with radius 2 3 o y {\textstyle {\sqrt {\frac {2}{3}}}\sigma {y}} around the hydrostatic axis. Also shown is Tresca's hexagonal yield surface. Mathematically the von Mises yield criterion is expressed as: J 2 = k 2 {\displaystyle J {2}=k™{2}\,\!} Here k {\displaystyle k} is yield stress
of the material in pure shear. As shown later in this article, at the onset of yielding, the magnitude of the shear yield stress in pure shear is v3 times lower than the tensile yield stress in the case of simple tension. Thus, we have: k = o y 3 {\displaystyle k={\frac {\sigma {y}}{\sqrt {3}}}} where o y {\displaystyle \sigma {y}} is tensile yield strength
of the material. If we set the von Mises stress equal to the yield strength and combine the above equations, the von Mises yield criterion is written as: 0 v =0y = 3 J 2 {\displaystyle \sigma {v}=\sigma {y}={\sqrt {3] {2}}}}orov2 =3]2 = 3 k 2 {\displaystyle \sigma {v}"~{2}=3] {2}=3k"~{2}} Substituting J 2 {\displaystyle J {2}} with the
Cauchy stress tensor components, wegetov2=12[(011-022)2+(022-033)2+(033-011)2+6(02324+0312+0122)]1=32sijsij{\displaystyle\sigma {\text{v}}~{2}={\frac {1}{2}\left[(\sigma {11}-\sigma {22})"~{2}+(\sigma {22}-\sigma {33})"{2}+(\sigma {33}-\sigma {11})"~{2}+6\left(\sigma

{23}~ {2}+\sigma {31}~ {2}+\sigma {12}~ {2}right)\right]={\frac {3}{2}}s {ij}s {ij}} , where s {\displaystyle s} is called deviatoric stress. This equation defines the yield surface as a circular cylinder (See Figure) whose yield curve, or intersection with the deviatoric plane, is a circle with radius 2 k {\displaystyle {\sqrt {2}}k} ,or23 oy
{\textstyle {\sqrt {\frac {2} {3} }}\sigma {y}} . This implies that the yield condition is independent of hydrostatic stresses. Von Mises yield criterion in 2D (planar) loading conditions: if stress in the third dimension is zero ( 0 3 = 0 {\displaystyle \sigma {3}=0} ), no yielding is predicted to occur for stress coordinates o 1, o 2 {\displaystyle \sigma
{1} )\sigma {2}} within the red area. Because Tresca's criterion for yielding is within the red area, Von Mises' criterion is more lax. In the case of uniaxial stress or simple tension, 0 1 # 0, 0 3 = 0 2 = 0 {\displaystyle \sigma {1}eq 0,\sigma {3}=\sigma {2}=0}, the von Mises criterion simply reduces to o 1 = o y {\displaystyle \sigma
{1}=\sigma {\text{y}}\\\!} , which means the material starts to yield when o 1 {\displaystyle \sigma {1}} reaches the yield strength of the material o y {\displaystyle \sigma {\text{y}}} , in agreement with the definition of tensile (or compressive) yield strength. An equivalent tensile stress or equivalent von-Mises stress, o v {\displaystyle \sigma
_{\text{v}}} is used to predict yielding of materials under multiaxial loading conditions using results from simple uniaxial tensile tests. Thus, we defineocv=3]J2=(011 -022)2+(022-033)2+(033-011)2+6(0122+0232+0312)2=(01-02)2+(02-03)2+(03—-01)22=32sijsi]j{\displaystyle
{\begin{aligned}\sigma {\text{v}}&={\sqrt {3] {2} }}I\&={\sart {\frac {(\sigma {11}-\sigma {22})"~{2}+(\sigma {22}-\sigma {33})"{2}+\left(\sigma {33}-\sigma {11})~{2}+6(\sigma {12}~ {2}+\sigma {23}~ {2}+\sigma {31}~ {2}\right)}{2}}}I\&={\sqrt {\frac {(\sigma {1}-\sigma {2})"~{2}+(\sigma {2}-\sigma {3})~{2}+
(\sigma {3}-\sigma {1})"~{2}}{2}}I\&={\sqrt {{\frac {3}{2}}s {ij}s {ij}}}\end{aligned}}\\!} where s ij {\displaystyle s {ij} } are components of stress deviator tensor o dev {\displaystyle {\boldsymbol {\sigma }} "~ {\text{dev}}} : cdev=0 — tr (o) 3 I {\displaystyle {\boldsymbol {\sigma }} "~ {\text{dev}}={\boldsymbol {\sigma }}-{\frac
{\operatorname {tr} \left({\boldsymbol {\sigma } }\right)} {3} }\mathbf {I} \\!} . In this case, yielding occurs when the equivalent stress, o v {\displaystyle \sigma {\text{v}}} , reaches the yield strength of the material in simple tension, o y {\displaystyle \sigma {\text{y}}} . As an example, the stress state of a steel beam in compression differs
from the stress state of a steel axle under torsion, even if both specimens are of the same material. In view of the stress tensor, which fully describes the stress state, this difference manifests in six degrees of freedom, because the stress tensor has six independent components. Therefore, it is difficult to tell which of the two specimens is closer to the
yield point or has even reached it. However, by means of the von Mises yield criterion, which depends solely on the value of the scalar von Mises stress, i.e., one degree of freedom, this comparison is straightforward: A larger von Mises value implies that the material is closer to the yield point. In the case of pure shear stress, 0 12 = ¢ 21 # 0
{\displaystyle \sigma {12}=\sigma {21}eq 0} , while all other o ij = 0 {\displaystyle \sigma {ij}=0} , von Mises criterion becomes: 0 12 = k = oy 3 {\displaystyle \sigma {12}=k={\frac {\sigma {y}}{\sart {3}}}\\!} . This means that, at the onset of yielding, the magnitude of the shear stress in pure shear is 3 {\displaystyle {\sqrt {3}}} times
lower than the yield stress in the case of simple tension. The von Mises yield criterion for pure shear stress, expressed in principal stresses,is(01 —-02)2+(02—-03)2+ (01 —-03)2=20y?2 {\displaystyle (\sigma {1}-\sigma {2})~{2}+(\sigma {2}-\sigma {3})~{2}+(sigma {1}-\sigma {3})~{2}=2\sigma {y}~{2}\\!} In the case of
principal plane stress, 0 3 = 0 {\displaystyle \sigma {3}=0} and 0 12 = 0 23 = 0 31 = 0 {\displaystyle \sigma {12}=\sigma {23}=\sigma {31}=0} , the von Mises criterion becomes: 012 —-0102+ 022 =3k 2 =0y 2 {\displaystyle \sigma {1}"~{2}-\sigma {1}\sigma {2}+\sigma {2}"{2}=3k~{2}=\sigma {y}~{2}\\!} This equation
represents an ellipse in the plane 0 1 — o 2 {\displaystyle \sigma {1}-\sigma {2}} . State of stress Boundary conditions von Mises equations General No restrictionsocv=12[(011 -022)2+(022—-033)2+(033-011)2]14+3(0122+ 0232+ 0312) {\displaystyle \sigma {\text{v}}={\sqrt {{\frac {1}{2} }\left[(\sigma {11}-\sigma
{221~ {2}+(\sigma {22}-\sigma {33})"~{2}+(\sigma {33}-\sigma {11})~{2}\right]+3\left(\sigma {12} ~{2}+\sigma {23}~ {2}+\sigma {31}~ {2}\right)}}} Principal stresses 0 12 = ¢ 31 = 0 23 = 0 {\displaystyle \sigma {12}=\sigma {31}=\sigma {23}=0\'}ov=12[(01—-02)2+(02—-03)2+ (03 —01)2]{\displaystyle
\sigma {\text{v}}={\sqrt {{\frac {1}{2} }\left[(\sigma {1}-\sigma {2})~{2}+(\sigma {2}-\sigma {3})~{2}+(\sigma {3}-\sigma {1})"~{2}\right]}}} General plane stress 0 3 = 0 0 31 = ¢ 23 = 0 {\displaystyle {\begin{aligned}\sigma {3}&=0\\\\sigma {31}&=\sigma {23}=0\!\end{aligned}}}ov=0112-011022+0222+3 0122
{\displaystyle \sigma {\text{v}}={\sqrt {\sigma {11}~{2}-\sigma {11}\sigma {22}+\sigma {22}"~{2}+3\sigma {12}~{2}}}\!} Principal plane stress 0 3 =00 12 = 0 31 = 0 23 = 0 {\displaystyle {\begin{aligned}\sigma {3}&=0\\\\sigma {12}&=\sigma {31}=\sigma {23}=0\\end{aligned}}} ov=012+ 022 — 01 o 2 {\displaystyle
\sigma {\text{v}}={\sqrt {\sigma {1}"~{2}+\sigma {2}"~{2}-\sigma {1}\sigma {2}}}\!} Pureshearo 1l =02 =03 =00 31 = 0 23 = 0 {\displaystyle {\begin{aligned}\sigma {1}&=\sigma {2}=\sigma {3}=0\\\\sigma {31}&=\sigma {23}=0\\end{aligned}}} ov =3 | o 12 | {\displaystyle \sigma {\text{v}}={\sqrt {3} }|\sigma {12}|\!}
Uniaxial0 2 =03 =00 12 = 0 31 = 0 23 = 0 {\displaystyle {\begin{aligned}\sigma {2}&=\sigma {3}=0\!\\\sigma {12}&=\sigma {31}=\sigma {23}=0\!\end{aligned}}} ov = o 1 {\displaystyle \sigma {\text{v}}=\sigma {1}\!} Hencky (1924) offered a physical interpretation of von Mises criterion suggesting that yielding begins when the
elastic energy of distortion reaches a critical value.[6] For this reason, the von Mises criterion is also known as the maximum distortion strain energy criterion. This comes from the relation between J 2 {\displaystyle ] {2} } and the elastic strain energy of distortion W D {\displaystyle W {\text{D}}} : WD =] 2 2 G {\displaystyle W_{\text{D}}={\frac
{J {2}}{2G}}\\!} with the elastic shear modulus G = E 2 (1 + v ) {\displaystyle G={\frac {E}{2(1+u )} }\\!} . In 1937 [9] Arpad L. Nadai suggested that yielding begins when the octahedral shear stress reaches a critical value, i.e. the octahedral shear stress of the material at yield in simple tension. In this case, the von Mises yield criterion is also
known as the maximum octahedral shear stress criterion in view of the direct proportionality that exists between J 2 {\displaystyle ] {2}} and the octahedral shear stress, T oct {\displaystyle \tau {\text{oct}}} , which by definition is T oct = 2 3 J 2 {\displaystyle \tau {\text{oct}}={\sqrt {{\frac {2} {3}}] {2}}}\\!} thus we have toct=23 0y
{\displaystyle \tau _{\text{oct}}={\frac {\sqrt {2} }{3}}\sigma {\text{y}}\\!} Strain energy density consists of two components - volumetric or dialational and distortional. Volumetric component is responsible for change in volume without any change in shape. Distortional component is responsible for shear deformation or change in shape. As
shown in the equations above, the use of the von Mises criterion as a yield criterion is only exactly applicable when the following material properties are isotropic, and the ratio of the shear yield strength to the tensile yield strength has the following value:[10] FsyFty =1 3 = 0.577 {\displaystyle {\frac {F _{sy}}{F {ty}}}={\frac {1}{\sqrt
{3}}Happrox 0.577\!} Since no material will have this ratio precisely, in practice it is necessary to use engineering judgement to decide what failure theory is appropriate for a given material. Alternately, for use of the Tresca theory, the same ratio is defined as 1/2. The yield margin of safety is written as M S yld = Fy o v — 1 {\displaystyle
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